Abstract. Let A be a separable, unital, simple, Z-stable, nuclear C * -algebra, and let α : G → Aut(A) be an action of a countable amenable group. If the trace space T (A) is a Bauer simplex and ∂eT (A) has finite G-orbits, we show that the following are equivalent:
Introduction
The Rokhlin property and its various generalizations form a collection of regularity properties for group actions on C * -algebras, whose roots stem from the Rokhlin lemma in Ergodic Theory. Early works include the studies of cyclic group actions on UHF-algebras by Herman and Jones, and Herman and Ocneanu, and later for automorphisms by Kishimoto. Although the Rokhlin property is relatively common for actions of the integers, there are significant K-theoretic obstructions for the Rokhlin property for finite group actions (and hence actions of groups which have torsion). This was studied in depth by Izumi [13, 14] and spurred additional work. One obstruction is that the Rokhlin property, at least for finite groups, implies certain divisibility properties on K-theory. Attempts to circumvent impediments of this sort led Phillips to introduce the tracial Rokhlin property [25] , where the projections in the Rokhlin property are now assumed to have a left over which is small in trace. Among other applications, the tracial Rokhlin property has been used by Echterhoff, Lück, Phillips, and Walters [2] to study fixed point algebras of the irrational rotation algebra A θ under certain canonical actions of finite cyclic groups.
The tracial Rokhlin property does not bypass the most obvious obstruction to admitting Rokhlin actions: the existence of nontrivial projections. For example, the Jiang-Su algebra has no nontrivial projections, and hence does not admit any action of a nontrivial group with the tracial Rokhlin property. The need to study weaker versions of these properties led to two further generalizations. The first one, called the weak tracial Rokhlin property, which replaces projections with positive elements, has been considered by the second author and Orovitz [9] , Sato [27] , and Matui and Sato [20] .
A different approach was taken in a paper by the second author, Winter, and Zacharias [12] , which introduced the notion of Rokhlin dimension. In this formulation, the partition of unity appearing in the Rokhlin property is replaced by a multi-tower partition of unity consisting of positive contractions, the elements of each tower being indexed by the group elements and permuted by the group action. Rokhlin dimension zero then corresponds to the Rokhlin property, but the extra flexibility makes the property of having finite Rokhlin dimension a much more common one. For example, for actions of the integers, Rokhlin dimension one turns out to be generic for actions of Z-absorbing separable C * -algebras. Finite Rokhlin dimension is used as a tool to show that various structural properties of interest pass from an algebra to the crossed product, particularly finiteness of the nuclear dimension, and absorption of a strongly self-absorbing C * -algebra. Rokhlin dimension has been defined and studied for actions of various classes of groups: for residually finite groups by Szabó, Wu, and Zacharias [30] ; for compact groups by the first author [4, 3] , the second author and Phillips [10] , and further by the authors and Santiago [5] ; and for flows by the second author, Szabó, Winter, and Wu [11] .
The focus of the study of the various Rokhlin-type properties naturally centered on two extreme cases: either actions on commutative C * -algebras or actions on simple C * -algebras. For instance, the results of [30, 11] focused on showing that actions on commutative C * -algebras of various groups have finite Rokhlin dimension provided the Gelfand spectrum is finite dimensional and the induced action on the spectrum is free. In the simple case, in [18, 19] Liao showed that for actions of Z m on simple nuclear separable unital and Z-absorbing C * -algebras, whose trace simplex is a Bauer simplex with finite dimensional boundary and is fixed by the action, strong outerness 1 is equivalent to finite Rokhlin dimension. Liao's argument does not work for finite group actions, as torsion adds significant complications, and part of the motivation for this paper was to find a suitable generalization for Liao's theorem to amenable groups that may have torsion.
class contains all actions obtained as infinite tensor products of finite-dimensional unitary representations, as well as all Bernoulli (sub-)shifts. Moreover, just like for the hyperfinite II 1 -factor, absorption of a McDuff action can be neatly characterized in terms of equivariant embeddings into central sequence algebras; see Theorem 2.7. Using this characterization, we show a pair of very useful results concerning McDuff absorption of equivariant W * -bundles: in Theorem 2.17, we show that if an equivariant W * -bundle with finite dimensional base has fibers that absorb a fixed McDuff action, then the bundle itself absorbs this action as well. The bundles that we obtain in some of our applications do not have finite dimensional base, so we also prove the following variant: if an equivariant W * -bundle has fibers that absorb a fixed McDuff action, then the (R, id R )-stabilization of the bundle absorbs this action as well; see Theorem 2.11. In other words, finite-dimensionality of the base can be dispensed of at the cost of adding an equivariant copy of R.
The results in this section, which are also of independent interest, are fundamental tools that will be used in the remainder of this work.
We begin with the main definition of this section.
Definition 2.1. Let G be a discrete group and let δ : G → Aut(R) be an action. We say that δ is McDuff if there exist an equivariant isomorphism
and unitaries (w n ) n∈N in R⊗R satisfying lim n→∞ w n ϕ(x)w * n − 1 ⊗ x 2 = 0 = lim
for all x ∈ R and for all g ∈ G.
The trivial action on R is clearly McDuff, as is any Bernoulli shift β : G → Aut(⊗ g∈G R).
Ocneanu has shown in [22] that any action of an amenable group absorbs the trivial action on R, up to cocycle conjugacy. The analogous statement is false for general nonamenable group actions; see [6] .
Actions as in the following example will be relevant to our work.
Example 2.2. For n ∈ N, let ν n : G → U(M dn ) be a unitary representation. Assume that d n > 1 for infinitely many n ∈ N, and identify R with the weak closure of n∈N M dn in the GNS representation associated to its unique trace. We define an action δ ν : G → Aut(R) by setting, for g ∈ G,
Ad(ν n (g)).
Actions of the form δ ν always absorb the trivial action on R tensorially, up to cocycle conjugacy (this can be seen, for example, using Theorem 2.7 below, since the fixed point algbera of δ ν contains a unital copy of R). Our next goal is to prove a characterization of absorption of a McDuff action in terms of central sequence algebras (Theorem 2.7), which resembles McDuff's pioneering characterization of absorption of R. We need the result for equivariant W * -bundles, which we proceed to define below.
Definition 2.3. Let G be a discrete group, and let K be a compact metrizable space. An equivariant W * -bundle over K is a quadruple (M, K, E, γ), where:
(1) M is a C * -algebra; (2) there is a given unital inclusion of C(K) into the center of M; 2 (3) E : M → C(K) is a faithful conditional expectation satisfying E(ab) = E(ba) for all a, b ∈ M; and (4) γ : G → Aut(M) is an action satisfying γ g • E = E = E • γ g for all g ∈ G,
such that the norm-closed unit ball of M is complete in the uniform 2-norm defined by a 2,u = E(a * a) 1/2 for all a ∈ M. We say that the bundle is strictly separable if M contains a countable subset which is dense in the uniform 2-norm.
For λ ∈ K, define a tracial state τ λ on M by τ λ = ev λ • E. If π λ : M → B(L 2 (M, τ λ )) denotes the associated GNS representation, we call the image M λ of π λ the fiber of M over λ. It is easy to check that γ induces an action γ λ : G → Aut(M λ ) which makes π λ equivariant.
The space K and the conditional expectation E are often suppressed from the notation, and we will often simply say that M is a W * -bundle and that γ : G → Aut(M) is a fiber-wise action.
The motivation for considering W * -bundles is given by the following example, which is due to Ozawa [23] . Recall that a Choquet simplex is said to be Bauer if its extreme boundary is compact.
Example 2.4. Let A be a unital, simple, separable C * -algebra for which T (A) is nonempty. We write A 1 for the unit ball of A. Define the uniform 2-norm
for the Hilbert space obtained as the completion of A in the norm · 2,u , and set
Set K = ∂ e T (A). When T (A) is a Bauer simplex, then A u has a natural structure of a W * -bundle over K with conditional expectation E :
for all a ∈ A and τ ∈ K. Moreover, for τ ∈ K, the fiber of A u over τ can be canonically identified with the weak closure A τ of the image of A under the GNS representation π τ associated to τ .
Equivariant W * -bundles can be constructed from certain actions of C * -algebras, as follows.
Example 2.5. Adopt the notation from Example 2.4, and assume that T (A) is a Bauer simplex. Let G be a discrete group, and let α : G → Aut(A) be an action. Assume that the orbit of every τ ∈ ∂ e T (A) under α is finite. Then the orbit space K/G is again compact and Hausdorff
3
, and there is a canonical faithful conditional expactation E : for all f ∈ C(K) and all τ ∈ K. Define the α-uniform 2-norm · 2,u,α on A by a 2,u = sup τ ∈K sup g∈G τ (α g (a * a)) 1/2 for all a ∈ A. Write L 2 (A, u, α) for the Hilbert space obtained as the completion of A in the norm · 2,u,α , and set
Then M has a natural structure of a W * -bundle over K/G with conditional expectation A u → C(K/G) given by E • E. Moreover, for τ ∈ K, the fiber of M over G · τ can be canonically identified with the (finite) direct sum
We also need the following notions of equivalence of actions on W * -bundles.
Definition 2.6. Let M and N be W * -bundles over the same compact metrizable space, let G be a discrete group and let γ : G → Aut(M) and β : G → Aut(N ) be fiber-wise actions.
(1) We say that (M, γ) and (N , β) are conjugate (as equivariant W * -bundles) if there exists an isomorphism of C * -algebras ϕ : M → N satisfying
(2) We say that (M, γ) and (N , β) are cocycle conjugate (as equivariant W * -bundles) if there exists a function u : G → U(M) satisfying u gh = u g γ g (u h ) for all g, h ∈ G, such that the actions g → γ u g = Ad(u g ) • γ g and β are conjugate in the sense of (1) above.
The result below is stated for W * -bundles, but it is new even for von Neumann algebras. A few pieces of the argument are standard, and for these we follow the proof of Proposition 3.11 in [1] , which is the case of the trivial group. Additional work is needed in to prove that (2) implies (1), particularly to obtain the cocycle. Theorem 2.7. Let M be a strictly separable W * -bundle, let G be a countable discrete group, let δ : G → Aut(R) be a McDuff action, and let γ : G → Aut(M) be a fiber-wise action. Then the following are equivalent:
(1) (M, γ) is cocycle conjugate to (M⊗R, γ ⊗ δ) (as equivariant W * -bundles); (2) there exists a unital equivariant homomorphism (R, δ)
When G is finite, condition (1) above can be replaced by (1') (M, γ) is conjugate to (M⊗R, γ ⊗ δ) (as equivariant W * -bundles). (1) . The proof of this implication goes roughly as follows: consider the first tensor factor embedding ι M : M → M⊗R, which is equivariant with respect to γ and γ ⊗ id R . We aim at finding a sequence (w n ) n∈N of unitaries in M⊗R, and a (γ ⊗ id R )-cocycle u : G → U(M⊗R), such that Ad(w n ) • ι M converges to an isomorphism ϕ : M → M⊗R, which is equivariant with respect to γ and the u-cocycle perturbation of γ ⊗ id R . The following is the starting point of the construction.
Claim: There exists a sequence (u n ) n∈N of unitaries in the fixed point algebra
ω satisfying the following: for every contraction a ∈ M⊗R with a ≤ 1 there exists a contraction
We prove the claim. Let θ :
γ ω be a unital embedding, which exists by assumption. Denote by ι R : R → M⊗R the second factor embedding, regarded as an equivariant embedding (R, id R ) → (M⊗R, γ ⊗ id R ). Since the images of θ and ι R commute, it is easy to show that θ and ι R induce a unital homomorphism
which is determined by (θ ⊗ ι R )(x ⊗ y) = θ(x)ι R (y) for all x, y ∈ R. Since R⊗R has approximately inner half flip, there exists a sequence (u n ) n∈N in the image of θ ⊗ ι R satisfying lim
for all x ∈ M and all y ∈ R. It follows that there is a well-defined unital embedding η :
given on simple tensors by η(x ⊗ y) = (x ⊗ 1 R )θ(y) for all x ∈ M and all y ∈ R. In particular, for a ∈ M⊗R with a ≤ 1, the element
, and the claim is proved. Let (a n ) n∈N and (b n ) n∈N be · 2,u -dense sequences of the unit balls of M⊗R and M, respectively, and let (F n ) n∈N be an increasing sequence of finite subsets of G whose union equals G. We will inductively apply the claim to the elements a n . Recall that ι M : M → M⊗R denotes the (equivariant) first tensor factor embedding. Upon lifting the unitaries provided by the claim, we choose, for each n ∈ N, a unitary v n ∈ M⊗R and elements x
For n ∈ N, set w n = v 1 · · · v n , which is a unitary in M⊗R. For j ∈ N, the sequence (Ad(w n )(ι M (b j ))) n∈N is Cauchy with respect to · 2,u . Since the unit ball of M⊗R is complete with respect to this norm, this sequence converges to a contraction ϕ(b j ) ∈ M⊗R. Since the assignment b j → ϕ(b j ) is linear and isometric with respect to · 2,u , it extends to a unital isometric map ϕ : M → M⊗R, which is easily seen to be a * -homomorphism. By condition (c) above, we have
for all j ∈ N and all m ≥ j. Using condition (a) at the second step, we deduce that
for all m ≥ j. By density of (a n ) n∈N and (b n ) n∈N , it follows that ψ is surjective, and hence an isomorphism.
We claim that ψ is an isomorphism of W * -bundles. Indeed, for j ∈ N we use that E M is tracial to get
From this it is clear that E M⊗R • ψ = E M , so ψ is an isomorphism of W * -bundles. It remains to construct the cocycle and prove that ψ is equivariant. Let g ∈ G and j ∈ N. By condition (d) above, the sequence (w n (γ ⊗ id R ) g (w * n )) n∈N is Cauchy with respect to · 2,u . Thus, it converges to a unitary u g ∈ M⊗R. Denote by u : G → U(M⊗R) the resulting map. We claim that u is a cocycle for γ ⊗ id R . To see this, let g, h ∈ G. Then
Finally, we show that ψ is equivariant with respect to γ and Ad(u)
as desired. This finishes the proof in the general case.
We now turn to the last statement, so assume that G is finite. We claim that the unitaries v n ∈ M⊗R can be chosen to satisfy condition (d) with ε = 0 (in other words, we can choose v n to be in (M⊗R) γ⊗δ ). This is follows from the following claim:
Claim: if β : G → Aut(N ) is a fiber-wise action of a finite group G on a W * -bundle N , and v ∈ U(N ) is a unitary satisfying max
. Then x is a contraction in N β , and
. By applying Lemma 3.2.1 in [15] to x ∈ N β , we can find a fixed unitary v as in the statement. For each n ∈ N, let w n ∈ (M⊗R) γ⊗δ be the unitary obtained from v n using the previous claim. Then conditions (a), (b) and (c) are satisfied, with a bigger tolerance, with v n in place of v n . It follows immediately from the definition that the cocycle u : G → U(M⊗R) defined above is actually trivial whenever the unitaries v n are G-invariant. Hence, the same argument used before, this time applied to the unitaries v n , yields an isomorphism ψ : M → M⊗R which is equivariant with respect to γ and γ ⊗ δ, as desired. Definition 2.8. Let M be a strictly separable W * -bundle, let G be a discrete group, let δ : G → Aut(R) be a McDuff action, and let γ : G → Aut(M) be a fiberwise action. We say that (M, γ) is δ-McDuff if it satisfies the equivalent conditions in Theorem 2.7.
In the case of McDuff actions as in Example 2.2, absorption can be characterized using equivariant embeddings of matrix algebras, as we show next.
Theorem 2.9. Let G be a discrete group and let (ν n ) n∈N be a sequence of unitary representations as in Example 2.2. Abbreviate δ ν to δ. Let M be a strictly separable W * -bundle, and let γ : G → Aut(M) be a fiber-wise action. Then the following are equivalent:
Proof. (1) implies (2): Since condition (1) is equivalent to the existence of a unital equivariant embedding of (R, δ) into (M ω ∩ M ′ , γ ω ) by Theorem 2.7, and (R, δ) has a unital and equivariant copy of (M d k , Ad(ν k )) for every k ∈ N, the result follows.
(2) implies (1): Assume that there exists a unital homomorphism
) 2,u = 0 for all a ∈ M d and for all g ∈ G. Let {e j,k } 1≤j,k≤d be a system of matrix units for M d , and let (F n ) n∈N be an increasing sequence of finite subsets of G whose union equals G. For n ∈ N, choose r n ∈ N such that
n for all g ∈ F n , and for all j, k = 1, . . . , d.
Denote by
ω the map induced by the subsequence (ϕ rn ) n∈N . It is then easy to check that ψ is equivariant, and that its image is contained in M ω ∩ N ′ , as desired. This proves the claim.
We construct a unital equivariant homomorphism (R, δ)
be any unital equivariant homomorphism. Use the claim to find a unital equivariant homomorphism
whose image commmutes with ψ 1 (M d1 ). Proceeding inductively, we find unital equivariant homomorphisms
by uniqueness of the trace on n∈N M dn . This completes the proof.
Next, we need a result allowing us to conclude that a W * -bundle is equivariantly McDuff whenever its fibers are. The following strengthening of Lemma 3.17 in [1] will be used. We state the lemma for ultrapowers of W * -bundles (and not ultraproducts), because this is all we will need here. The proof for ultraproducts is, however, identical. Let K be a compact metrizable space and let ω be a free ultrafilter. The ultracopower of K, denoted K ω = ω K, is the Gelfand spectrum of the ultrapower ω C(K).
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Lemma 2.10. Let (M, K, E) be a strictly separable bundle, let G be a countable group and let γ : G → Aut(M) be a fiber-wise action. Let ω be a free ultrafilter, and let S ⊆ (M⊗R) ω be a · ω 2,u -separable, selfadjoint subset containing the unit. Given a partition of unity f 1 , . . . , f m ∈ C(K ω ), there exist projections
for all x ∈ S and for all λ ∈ K ω .
Proof. We describe the modifications needed in the proofs of Lemma 3.16 and Lemma 3.17 in [1] . The next claim is the necessary replacement of Lemma 3.16. Claim: Fix x 1 , . . . , x r ∈ M⊗R and a finite set F ⊆ G. Given ε > 0, there exist projections q 1 , . . . , q n ∈ M⊗R such that m j=1 q j = 1 and
. . , r, and all λ ∈ K. To prove the claim, we use the notation of Lemma 3.16 in [1] , except that what we call here q j is called p j there. Observe that the hyperfinite II 1 -factor S = R ∩ M ′ k carries the trivial action of G. Hence the image of the W * -bundle equivariant embedding θ : C σ (K, S) → (M⊗R) ∩ {y 1 , . . . , y r } ′ is contained in the fixed point algebra of the action γ ⊗ id R . Thus, the projections e t , for t ∈ [0, 1], can be chosen to be fixed, and hence also the projections q j , for j = 1, . . . , n. This proves the claim.
We turn to the proof of the statement. For k ∈ N, choose a sequence (x
be an increasing sequence of finite subsets of G with G = n∈N F n . By the previous claim, there are projections p
for all g ∈ F n , for all j = 1, . . . , m, for all k = 1, . . . , r, and for all λ ∈ K. Set
It is then clear that these projections satisfy the desired conditions, and the proof is finished.
Our next result is the variant of Theorem 2.17 that we described above.
Theorem 2.11. Let (M, K, E) be a strictly separable W * -bundle, let γ : G → Aut(M ) be a fiber-wise action of a discrete group G, and let δ :
Proof. Fix ε > 0 and finite subsets F ⊆ G and S ⊆ M. For λ ∈ K, use Theorem 2.7 to find a unital equivariant homomorphism
Lift ϕ λ to a unital linear contractive map
Using compactness of K ω , find m ∈ N and λ 1 , . . . , λ m ∈ K such that
be a partition of unity subordinate to this cover. Let S be the · ω 2,u -separable, selfadjoint subset of (M⊗R) ω given by
Use Lemma 2.10 to find projections
for all x ∈ S and for all λ ∈ K ω . Define a map
It is routine to check that (a') ψ(a
Since F ⊆ G, S ⊆ M and ε > 0 are arbitrary, countable saturation of M⊗R implies that there exists a unital, equivariant homomorphism (R, δ) → (M⊗R ∩ (M⊗R) ′ , γ ω ), which implies the result by Theorem 2.7.
In later sections, it will be crucial to know that the extra copy of the trivial action on R can sometimes be dispensed of, whenever δ absorbs id R . In Theorem 2.17, we show that this is the case for W * -bundles whose base space has finite covering dimension. Despite being a purely W * -algebraic statement, its proof surprisingly factors through actions on C * -algebras, specifically on dimension drop algebras. We therefore make a small digression from the theme of equivariant W * -bundles to prove some facts about actions on dimension drop algebras that will be needed in the sequel. Notation 2.12. Given m, n ∈ N, we denote by I m,n the associated dimension drop algebra:
If G is a discrete group and u : G → U(M m ) and v : G → U(M n ) are unitary representations, we denote by
Equivariant maps of order zero are a crucial tool to deal with dimension drop algebras. The following definition is by now standard. Definition 2.13. Let ψ : A → B be a completely positive map between C * -algebras A and B. We say that ψ is order zero if ψ(a)ψ(b) = 0 whenever a, b ∈ A + satisfy ab = 0.
In the next proposition, for n ∈ N we write CM n for the cone C 0 ((0, 1]) over M n , and we write CM n for its minimal unitization. Proposition 2.14. Let G be a discrete group, let m, n ∈ N, let u : G → U(M m ) and v : G → U(M n ) be unitary representations, and let β : G → Aut(B) be an action of G on a unital C * -algebra B. Then the following are equivalent:
(1) There is a unital homomorphism π : (I m,n , γ u,v ) → (B, β).
(2) There exist equivariant completely positive contractive order zero maps
with commuting ranges, that satisfy ξ(1) + η(1) = 1.
Proof. (1) implies (2): Define maps
by ϕ(x)(t) = t(x⊗1) and ψ(y)(t) = (1−t)(1⊗y) for all x ∈ M m , for all y ∈ M n , and all t ∈ [0, 1]. Then ϕ and ψ are equivariant completely positive contractive order zero maps with commuting ranges that satisfy ϕ(1)+ ψ(1) = 1. If a homomorphism π as in the statement of (1) exists, then the maps ξ and η as in (2) are obtained by setting ξ = π • ϕ and η = π • ψ.
(2) implies (1): Denote by f 0 ∈ C 0 ((0, 1]) the inclusion of (0, 1] into C. Define equivariant homomorphisms
by σ(f 0 ⊗x) = ξ(x) and θ(f 0 ⊗y) for all x ∈ M m and θ(f 0 ⊗y) = η(y) for all y ∈ M n . Denote by σ and θ the unital equivariant extensions of σ and θ, respectively, to the minimal unitizations. Then the ranges of σ and θ commute, so they define a unital homomorphism
It is clear that the
Lemma 2.15. Let G be a discrete group, let m, n ∈ N, let u : G → U(M m ) and v : G → U(M n ) be unitary representations, and assume that u unitarily equivalent to a tensor factor of v. Then there is a unital equivariant homomorphism
Proof. Let k = n/m. Upon replacing v with a unitarily equivalent representation (which yields a conjugate action), we may assume that there exists a unitary representation w :
Denote by {e i,j : 1 ≤ i, j ≤ m} the matrix units of M m . Set
and observe that ν 1 is a unitary implementing the tensor flip
its unitary group is connected and hence there is a continuous unitary path
* for all a ∈ M m and all t ∈ [0, 1]. It immediate to check that ι is a unital, equivariant homomorphism, proving the lemma.
We remind the reader that a unital order zero map is a homomorphism, by Theorem 3.2 in [34] . Proposition 2.16. Let G be a discrete group, let B be a C * -algebra, let β : G → Aut(B) be an action, let d, n ∈ N and let ν : Proof. Using finite induction, it is enough to prove the statement for n = 2. Also, without loss of generality we can assume that B is generated as a C * -algebra by the images of ϕ 1 and ϕ 2 . Set h = ϕ 1 (1) + ϕ 2 (1). Then h is a strictly positive central element in B. For any a ∈ M p , for j = 1, 2 and for n ∈ N, set
We claim that for any b ∈ B, and for j = 1, 2, the sequences bz n,j (a) and z n,j (a)b converge. This is seen by essentially using the proof of Lemma 1.4.4 from [24] , as follows.
and thus z n,j (a) is a contraction. It therefore suffices to verify that the set {b ∈ B : b ≤ 1 and (bz n,j (a)) n∈N and (z n,j (a)b) n∈N are Cauchy} is dense in the unit ball of B. As (h 1/k ) k∈N is an approximate unit for B, it suffices to check that (h 1/k bz n,j (a)) n∈N and (z n,j (a)bh 1/k ) n∈N are Cauchy for any b in the unit ball of B and any fixed k. For any n, m ∈ N, set
Note that for any α > 1, we have h α d n,m → 0 as n, m → ∞ (which can be seen by using spectral theory and considering those as functions on the spectrum of h). Thus, we have
and thus (h 1/k bz n,j (a)) n∈N is Cauchy. One shows analogously that the sequence (z n,j (a)h 1/k b) n∈N is Cauchy as well. It follows that the sequence z n,j (a) converges in M (B) in the strict topology. We thus define for j = 1, 2
where the limit is taken to be in the strict topology. Then ψ j is completely positive contractive order zero, and since h is G-invariant, it is immediate that ψ j is also G-equivariant. Moreover, ψ 1 (1) + ψ 2 (1) = 1. By Proposition 2.14, there is a unital, equivariant homomorphism
Use Lemma 2.15 to find a unital equivariant homomorphism ι :
The proof is completed by letting ψ : (M d , Ad(ν)) → (B, β) be the equivariant completely positive contractive order zero map given by ψ(a) = π(ι(a))(
The last part of the statement is immediate, since a unital order zero map is a homomorphism.
We recall ( [34] ) that a completely positive contractive map ψ : A → B between unital C * -algebras A and B is order zero if and only if it satisfies ψ(1)ψ(a * a) = ψ(a) * ψ(a) for all a ∈ A. Our next result is stated for product type actions as in Example 2.2, but in Corollary 2.18 we will see that the same result is valid for an arbitrary McDuff action, as long as the acting group is amenable. Theorem 2.17. Let M be a strictly separable W * -bundle over a compact metrizable space K, let G be a countable discrete group, let ν n : G → U(M dn ) be a unitary representation for n ∈ N, and let γ : G → Aut(M) be a fiber-wise action. Suppose that dim(K) < ∞. Then the following are equivalent:
(
Proof. That (1) We prove the converse. By Theorem 2.7, it is enough to construct, for every
We follow a strategy similar to that used in [16] ; see also [18] . The proof will be divided in a pair of claims, resembling Proposition 7.4 and Lemma 7.5 in [16] .
Fix k ∈ N and write M d and ν for M d k and ν k . For each λ ∈ K, we use Theorem 2.7 to find a unital homomorphism
Claim 1: Let ε > 0, let m ∈ N, let F ⊆ G be a finite subset, and let S ⊆ M be a · 2,u -compact subset consisting of contractions. Then there exist an open cover U of K, and families Φ (l) = {θ
r l }, for l = 1, . . . , m, consisting of unital completely positive contractive maps θ
. . , r l , such that for all U ∈ U and all l = 1, . . . , m, there exists j ∈ {1, . . . , r l } satisfying
< ε for all 1 = 1, . . . , m, all j = 1, . . . , r l , all a ∈ M d with a ≤ 1, and all s ∈ S; 
< ε for all l = 1, . . . , m, for all j = 1, . . . , r l , and for all a ∈ M d with a ≤ 1;
< ε for all g ∈ F , for all l = 1, . . . , m, for all j = 1, . . . , r l , and for all a ∈ M d with a ≤ 1; (The tuple (U; Φ (1) , . . . , Φ (m) ) is an equivariant analog of an (ε, S)-commuting covering system; see Definition 7.1 in [16] .)
To prove the claim, fix λ ∈ K, and let S be a · 2,u -compact subset consisting of contractions. Use Choi-Effros for the quotient map ℓ
λ to a sequence of unital completely positive contractive maps M d → M. By choosing a map far enough in the sequence, we may find a unital completely positive contractive map ϕ λ :
) 2,λ < ε for all g ∈ F , and for all a ∈ M d with a ≤ 1.
By compactness of the unit ball of M d and of S, and by continuity of the 2-norm, we can find an open set U λ of K containing λ such the estimates above hold with respect to the · 2,τ -norm for all τ ∈ U λ .
We finish the proof of the claim by induction on m. When m = 1, we cover K by the open sets U λ obtained in the previous paragraph for S = S, and find an integer r 1 ∈ N and points λ 1 , . . . , λ r1 ∈ K, such that U = {U λ1 , . . . , U λr 1 } is a cover of K. Then U and Φ
(1) = {ϕ λ1 , . . . , ϕ λr 1 } satisfy the desired properties.
Assume that we have found an open cover V and families Φ (j) for j = 1, . . . , m−1, satisfying the conditions in the statement. Denote by B the unit ball of M d . We let ϕ λ : M d → M and W λ be as in the first part of this proof, for
Find an integer r l ∈ N and points λ
It is straightforward to check that these satisfy the desired properties.
For the next claim, we set m = dim(K). 
) 2,u < ε for all g ∈ F , for all j = 0, . . . , m, and for all a ∈ M d with a ≤ 1.
Let U be an open cover and let Φ (0) , . . . , Φ (m) be as in the previous claim. Since covering dimension and decomposition dimension agree for compact metric spaces (see Lemma 3.2 in [17] ), there exists a refinement U ′ of U, such that U ′ is the union of m+1 finite subsets U 0 , . . . , U m , with U j = {U Let {f
k . Observe that for fixed j, the functions f
are pairwise orthogonal. We regard these functions as elements in C(K) ⊆ M, and observe that they are left fixed by γ, since γ is a fiber-wise action (and, in particular, trivial on C(K)).
for all a ∈ M d . Since the functions f It remains to show that ψ (0) , . . . , ψ (m) satisfy the conditions of the claim. Since the verification of conditions (1), (2) and (3) is similar to the verification of conditions (i), (iii) and (iv) in the proof of Lemma 7.5 of [16] , we will only check condition (4). Fix g ∈ F , an index j ∈ {0, . . . , m}, and a contraction a ∈ M d . Using that
k for all k = 1, . . . , s j at the first step, and that these contractions are orthogonal at the second step, we get
as desired. This finishes the proof of the claim.
To finish the proof of the theorem, we choose a countable set {x n } n∈N which is · 2,u -dense in M, and an increasing sequence (F n ) n∈N of finite subsets of G whose union equals G. Using the previous claim, we find completely positive contractive maps ψ 
, and the result follows from Theorem 2.7.
Next, we deduce that the equivalence in Theorem 2.11 holds for McDuff actions that absorb id R , even if they are not of product type. In particular, this is the case for any McDuff action of an amenable group. Corollary 2.18. Let M be a strictly separable W * -bundle over a compact metrizable space K, let G be a countable discrete group, let δ : G → Aut(R) be a McDuff action, and let γ : G → Aut(M) be a fiber-wise action. Suppose that dim(K) < ∞. If δ absorbs id R , then the following are equivalent:
When G is amenable, δ is automatically id R -absorbing.
Proof. It is clear that (1) implies (2), so assume that (2) 
which finishes the proof.
Ocneanu has shown in [22] that any amenable group action on R is id R -McDuff (essentially because the fixed point algebra is hyperfinite), which justifies the last claim.
The previous corollary will be used in the proof of Theorem 5.1 to show that under very general conditions, any action of an amenable group on a Z-stable C * -algebra absorbs the trivial action on Z tensorially.
3. The weak tracial Rokhlin property 3.1. Pavings of amenable groups. Let G be a countable discrete group. Given a finite subset K ⊆ G and ε > 0, we say that a finite set
Recall that, by a result of Følner, G is amenable if and only if for every finite subset K ⊆ G and every ε > 0, there exists a nonempty (K, ε)-invariant subset of G.
Definition 3.1. Let G be a discrete group and let ε > 0. A family (S j ) j∈J of finite subsets of G is said to be ε-disjoint if there exist subsets T j ⊆ S j , for j ∈ J, such that |T j | ≥ (1 − ε)|S j | and T j ∩ T k = ∅ whenever j = k. Let F ⊆ G be a finite subset. A family S 1 , . . . , S N of finite subsets of G is said to ε-pave the set F if there are finite subsets
. . , N , the sets (S j ℓ) ℓ∈Lj are ε-disjoint. Definition 3.2. Let S 1 , . . . , S N be finite subsets of a discrete group G. Given ε > 0, we say that the sets S 1 , . . . , S N are an ε-paving system if there exist δ > 0 and a finite subset K ⊆ G such that S 1 , . . . , S N ε-pave any (K, δ)-invariant set.
The existence of paving systems is guaranteed by the following result of Ornstein and Weiss. Theorem 3.3. Let G be an amenable group and let ε > 0. Then there exist N ∈ N such that for any δ > 0 and every finite set K ⊆ G, there is an ε-paving system S 1 , . . . , S N of G, with each S j being (K, δ)-invariant, and such that the unit of G belongs to S 1 .
The above theorem, except for the very last contiditon, is proved in Section 3 of [22] , and the proof given there shows that one can always assume that S 1 contains the identity of G. (See, specifically, the construction of the sets S 1 , . . . , S N given at the bottom of page 17 in [22] .) 3.2. The weak tracial Rokhlin property for actions of amenable groups. If A is a unital C * -algebra and ω is a free ultrafilter over N, then every trace τ on A extends canonically to a trace on A ω , which we denote by τ ω . We write J A for the trace-kernel ideal in A ω (see Definition 4.3 in [16] ), that is,
Below is the definition of the weak tracial Rokhlin property which we will work with in the present paper. It is formally stronger than Definition 2.1 in [32] , since we assume the positive contractions to exist for any paving family, and not just for some; this uniformity forces us to use the constant (ε/5)
2 . (We also use traces instead of Cuntz comparison, but this difference is not as significant.) It will ultimately follow from Theorem 3.7 that, in the context of this theorem, our definition and Wang's are in fact equivalent (and equivalent to strong outerness). Definition 3.4. Let G be an amenable group, let A be a simple, separable unital C * -algebra, and let α : G → Aut(A) be an action. We say that α has the weak tracial Rokhlin property if for every ε > 0 and for every (ε/5) 2 -paving family S 1 , . . . , S N of subsets of G, there exist positive contractions f ℓ,g ∈ A ω ∩ A ′ , for ℓ = 1, . . . , N and g ∈ S ℓ , satisfying:
. . , n, all g ∈ S ℓ and all r ∈ S k , and all h ∈ G;
We say that α has the tracial Rokhlin property, if the positive contractions f ℓ,g above can be chosen to be projections.
Our definition is inspired by Ocneanu's characterization of outerness for amenable group actions on the hyperfinite II 1 -factor; see [22] . For later use, we isolate Ocneanu's condition in the following definition. Definition 3.5. Let G be an amenable group, let M be a W * -bundle, and let γ : G → Aut(M) be an action leaving all fibers invariant. We say that γ has the W * -Rokhlin property if for every ε > 0 and for every (ε/5) 2 -paving family S 1 , . . . , S N of subsets of G, there exist projections p ℓ,g ∈ M ω ∩M ′ , for ℓ = 1, . . . , N and g ∈ S ℓ , satisfying:
Condition (d) can be replaced with the seemingly weaker
To obtain (d) from (d'), simply add the defect projection, which has small tracenorm, to any of the towers, and using a reindexing argument. Remark 3.6. In [22] , Ocneanu showed that given an amenable group G, there is a unique (up to cocycle conjugacy) outer action of G on R, and that this action has the W * -Rokhlin property. We will denote said action by µ G : G → Aut(R), or just by µ when G is understood. It follows from Ocneanu's work that µ is a McDuff action, in the sense of Definition 2.1. Finally, it is easy to prove that any action that absorbs µ G has the W * -Rokhlin property, a fact that we will use repeatedly.
The goal of this section is to prove the equivalence of conditions (1) and (2) in Theorem A, which, for convenience, are restated as follows.
Theorem 3.7. Let G be a countable amenable group, let A be a separable, simple, nuclear, unital C * -algebra, and let α : G → Aut(A) be an action. Suppose that T (A) is a (nonempty) Bauer simplex, and that the induced action of G on ∂ e T (A) has finite orbits. Then the following are equivalent:
(1) α is strongly outer; (2) α ⊗ id Z has the weak tracial Rokhlin property.
The first precursor of this result is Theorem 5.5 in [2] , where the above result is shown under the additional assumptions that A has tracial rank zero, A has a unique tracial state, and G is finite. (Observe that nuclearity of A, or at least amenability of its trace, is needed in Theorem 5.5 for the proof to work. Without it, it is not clear that π τ (A)
′′ is isomorphic to R, preventing one from applying Lemma 5.2.1 in [15] .) More recently, Matui and Sato gave a proof of Theorem 3.7 in the case that A has finitely many tracial states, each of which is fixed by α, and the group G is elementary amenable; see Theorem 3.6 in [21] . Here, we remove all the assumptions on G, and significantly relax the conditions on T (A). Our main innovation is the systematic use of W * -bundles in the equivariant setting. Since the implication (2) ⇒ (1) is immediate, we briefly describe our strategy for (1) ⇒ (2). Adopt the notation from Example 2.5. Strong outerness of α implies that the induced action of G on each fiber of (M, K/G) has the W * -Rokhlin property; see Proposition 3.11. The first step is to show that the bundle action γ : G → Aut(M) has the W * -Rokhlin property, and this is obtained as a consequence of Theorem 2.17, using absorption of the canonical action on R with the W * -Rokhlin property. The projections coming from the W * -Rokhlin property can be approximated by positive contractions in A, and these elements will satisfy the conditions in Definition 3.4 with respect to the uniform 2-norm, instead of the given norm on A. We use the fact that the trace ideal in A ω is equivariantly a σ-ideal (see Proposition 3.9) to obtain corrected elements which verify Definition 3.4.
We need the following analog of Kirchberg's notion of a σ-ideal in the equivariant setting. For Z-actions, this notion was already considered in [18] . Definition 3.8. Let G be a discrete group, let B be a C * -algebra, let β : G → Aut(B) be an action, and let J ⊆ B be an ideal satisfying β g (J) = J for all g ∈ G.
We say that J is an equivariant σ-ideal (with respect to β), if for every separable β-invariant subalgebra C ⊆ B, there exists a positive contraction x ∈ (J ∩ C ′ )
It is easy to see that if a finite group acts on a C * -algebra, then any σ-ideal is automatically an equivariant σ-ideal: one just averages the positive contraction in the definition of a σ-ideal to obtain a fixed one. When the group is amenable, an exact averaging is not possible, but this is good enough to get equivariant σ-ideals in sequence algebras, as we show below. Proposition 3.9. Let A be a unital C * -algebra, let G be a countable discrete amenable group, let α : G → Aut(A) be any action, and let ω be a free ultrafilter over N. If J ⊆ A ω is a σ-ideal in A ω , then it is automatically an equivariant σ-ideal. In particular, the trace ideal J A is an equivariant σ-ideal in A ω .
Proof. Let C ⊆ A ω be a separable, α ω -invariant subalgebra. Since J is a σ-ideal in A ω , there exists a positive contraction x ∈ J ∩ C ′ satisfying xc = c for all c ∈ C ∩ J. By Kirchberg's ε-test, it is enough to prove that for every finite subset K ⊆ G and every ε > 0, there exists a positive contraction y ∈ J ∩ C ′ such that (α ω ) k (y) − y < ε for all k ∈ K and yc = c for all c ∈ (C ∩ J) αω . We fix a finite subset K ⊆ G and ε > 0. Using amenability of G, find a finite subset F of G such that |kF △F | ≤
Since J is an α ω -invariant ideal, the positive contraction y also belongs to J. Finally, it is also easy to check that y commutes with C, since C is also invariant under α ω . This concludes the proof.
Recall (see Definition XVII.1.1 in [31] ) that an automorphism ϕ of a von Neumann algebra M is said to be properly outer if for every central projection p ∈ M satisfying ϕ(p) = p, the restriction of ϕ to the corner pM is outer. An action γ : G → Aut(M ) is said to be properly outer if γ g is properly outer for all g ∈ G\{1}.
Proposition 3.10. Let G be a discrete group, let A be a separable C * -algebra, and let α : G → Aut(A) be a strongly outer action. Then α τ g is properly outer for all τ ∈ T (A) αg and for all g ∈ G \ {1}.
Proof. Let g ∈ G \ {1}, let τ ∈ T (A) αg , and let p ∈ A τ be a central projection. We denote by τ the extension of τ to A τ . Define a trace σ ∈ T (A) by σ(a) = τ (pa)/τ (p)
for all a ∈ A. Then σ is α g -invariant.
We claim that A σ can be naturally identified with pA τ . This is probably known to the experts, but we include a proof for the sake of completeness. Observe first that it follows directly from the Cauchy-Schwarz inequality that · 2,σ ≤ τ (p) −1/2 · 2,τ . In particular, any · 2,σ -Cauchy sequence in A is also Cauchy with respect to · 2,τ , and its limit in A τ clearly belongs to pA τ . This shows that A σ ⊆ pA τ .
Conversely, let (x n ) n∈N be a · 2,τ -Cauchy sequence in A whose limit in A τ belongs to pA τ . Let (a m ) m∈N be a sequence in A converging to p in A τ . Given n ∈ N, there exists m n ∈ N such that x n a mn − x n 2,τ < 1/2 n and a mn x n − x n 2,τ < 1/2 n .
Set y n = x n a mn . Then
for all n, m ∈ N. In particular, (y n ) n∈N is Cauchy with respect to · 2,σ , and it has the same limit with respect to · 2,τ as (x n ) n∈N . This shows the converse inclusion and proves the claim. To finish the proof, it suffices to observe that if α g becomes inner in the corner pA τ , then it becomes inner in the weak extension with respect to σ, contradicting strong outerness.
Next, we verify that strongly outer actions induce actions with the W * -Rokhlin property when passing to the weak closure with respect to any trace with finite orbit. Note that for tracial von Neumann algebras, the functor M → M ω ∩ M ′ commutes with finite direct sums.
Proposition 3.11. Let G be a countable amenable group, let A be a separable, locally reflexive, unital C * -algebra, and let α : G → Aut(A) be a strongly outer action. Let τ be an amenable extreme trace on A with finite G-orbit, and set
Suppose that the G-orbit of τ is finite. Then the weak extension of α to M τ has the W * -Rokhlin property and is µ G -McDuff.
Proof. By Lemma 2.23 in [6] , M τ is isomorphic to
Hence the result follows from Ocneanu's noncommutative Rokhlin theorem (Theorem 6.1 in [22] ), thanks to Proposition 3.10.
We are now ready to prove the main result of this section.
Proof of Theorem 3.7. We adopt the notation from Example 2.5. In particular, we denote by (M, γ) the equivariant W * -bundle obtained from (A, α). By Proposition 3.11
and Theorem 2.17, the action γ is µ-McDuff, and in particular has the W * -Rokhlin property from Definition 3.5. Let ω be a free ultrafilter over N, let ε and let S 1 , . . . , S N be an (ε/5) 2 -paving family of subsets of G. Find projections p ℓ,g ∈ M ω ∩ M ′ , for ℓ = 1, . . . , N and g ∈ S ℓ , satisfying:
• p ℓ,g p k,h = 0 for all ℓ, k = 1, . . . , N , all g ∈ S ℓ and all h ∈ S k with (ℓ, g) = (k, h);
. . , N , all g ∈ S ℓ and all r ∈ S k , and all h ∈ G;
Using the fact that there is a canonical surjective homomorphism A ω ∩ A ′ → M ω ∩M ′ whose kernel is J Aω , lift the projections p ℓ,g to obtain positive contractions e ℓ,g ∈ A ω ∩ A ′ , for ℓ = 1, . . . , N and g ∈ S ℓ , satisfying
(1) For ℓ = 1, . . . , N and g, h ∈ S ℓ , there exists c ℓ,g,h ∈ J Aω such that
(2) e ℓ,g e k,h ∈ J Aω for all ℓ, k = 1, . . . , N , all g ∈ S ℓ and all h ∈ S k with (ℓ, g) = (k, h); (3) e ℓ,g α ω h (e k,r ) − α ω h (e k,r )e ℓ,g ∈ J Aω for all ℓ, k = 1, . . . , N , all g ∈ S ℓ and all r ∈ S k , and all h ∈ G;
Let C be the (separable) α ω -invariant subalgebra of A ω generated by A and the countable set {(α ω ) g (e ℓ,h ) : g ∈ G, ℓ = 1, . . . , N, and h ∈ S ℓ } ∪ {c ℓ,g,h : ℓ = 1, . . . , N, g, h ∈ S ℓ }.
Since J A is an equivariant σ-ideal in A ω by Proposition 3.9, there exists a positive contraction x ∈ (J A ∩ C ′ ) αω with xc = c for all c ∈ J A ∩ C. We use this element x to "correct" the positive contractions e ℓ,g , as follows. For ℓ = 1, . . . , N and g ∈ S ℓ , set f ℓ,g = (1 − x)e ℓ,g (1 − x). We claim that these elements satisfy the conditions of Definition 3.4.
First, f ℓ,g is a positive contraction, and it commutes with the copy of A in A ω because so do x and e ℓ,g . Therefore f ℓ,g belongs to A ω ∩ A ′ . Observe that condition (d) is obviously satisfied. To check condition (a) in Definition 3.4, let ℓ = 1, . . . , N and g, h ∈ S ℓ . Observe that (1 − x)c ℓ,g,h = 0, and use this at the second step to get
To check condition (b), let ℓ = 1, . . . , N , let g ∈ S ℓ and let h ∈ S k with (ℓ, g) = (k, h). We use that x commutes with the elements e ℓ,g at the second step to get
Finally, to check condition (c), let ℓ, k = 1, . . . , N , let g ∈ S ℓ and r ∈ S k , and let
This completes the proof.
Finiteness of Rokhlin dimension
In this section, we complete the proof of Theorem A by computing the Rokhlin dimension of a strongly outer action. More precisely, we show the following: Theorem 4.1. Let G be a finite group, let A be a separable, simple, exact, finite, unital C * -algebra with property (SI) such that T (A) is a Bauer simplex. Let α : G → Aut(A) be a strongly outer action. Then
Remark 4.2. Adopt the assumptions of the theorem above, and suppose moreover that ∂ e T (A) has finite covering dimension. It will follow from Theorem 5.1 that α is cocycle conjugate to α ⊗ id Z , and hence that α itself has Rokhlin dimension at most 2.
Our result is inspired by analogous ones by Liao in [18, 19] , where similar facts are proved for Z m -actions. Nonetheless, our approach differs significantly from Liao's, in that we obtain the Rokhlin towers by centrally embedding suitable actions on dimension drop algebras. The advantage of our approach is that it allows one to deal with groups with torsion. Indeed, the application of property (SI) in [18] (particularly Theorem 6.4 there) makes essential use of the fact that Z has no torsion, and the methods used there seem to break down already for finite groups.
The notion of Rokhlin dimension has been defined in [12] for finite group and integer actions on unital C * -algebras, and extended to the non-unital case in [10] , and to actions of amenable residually finite groups in [30] . (There has also been some work on Rokhlin dimension for non-discrete groups; see for example, [4] , [3] , [5] and [11] .) Here, we will only deal with finite groups and unital C * -algebras. 1 in [12] ). Let G be a finite group, let A be a separable unital C * -algebra, and let α : G → Aut(A) be an action. Given d ∈ Z with d ≥ 0, we say that α has Rokhlin dimension at most d, and write dim Rok 
′ , for j = 0, . . . , d and for g ∈ G, satisfying:
gh for all j = 0, . . . , d and for all g, h ∈ g; (b) f The Rokhlin dimension of α, denoted dim Rok (α), is the smallest integer d such that dim Rok 
There is a strengthening of the Rokhlin dimension, called Rokhlin dimension with commuting towers, where the elements f (j) g are assumed to moreover commute with each other. We will not deal with this notion here.
We record here an equivalent definition of Rokhlin dimension, which uses seemingly weaker conditions. That both definitions are equivalent is an immediate consequence of Kirchberg's ε-test. g ∈ A ω , for j = 0, . . . , d and for g ∈ G, satisfying:
< ε for all j = 0, . . . , d and for all g, h ∈ g;
and for all g, h ∈ G with g = h;
g a < ε for all a ∈ F , for all g ∈ G and for all j = 0, . . . , d.
We begin by computing the Rokhlin dimension of a natural product-type action. Define an action α :
for all g ∈ G. Claim: Let ε > 0 and n 0 ∈ N. Then there exist m ∈ N with m ≥ n 0 and positive contractions f
gh for all g, h ∈ G and for all j = 0, 1;
h = 0 for all g, h ∈ G with g = h and for all j = 0, 1;
The claim shows that there exist Rokhlin towers in D ∞ satisfying conditions (a), (b) and (c) in Remark 4.4 for d = 1. We now explain how to find new towers satisfying these conditions in addition to condition (d), and then prove the claim.
Let F ⊆ D be a finite set. For the ε > 0 given above, find n 0 ∈ N such that for every n ≥ n 0 there exists a unital equivariant embedding
for all x ∈ D n and all a ∈ F . Use the claim to find m ∈ N with m ≥ n 0 and positive contractions f
, for g ∈ G and j = 0, 1, satisfying conditions (1), (2) We proceed to prove the claim. By Fell's absorption principle, if π : G → U(H) is any finite dimensional representation of G on a Hilbert space H, then λ ⊗ π is unitarily equivalent to a direct sum of dim(H) copies of λ. By writing λ ⊗m as a direct sum of |G| m−1 copies of λ, it follows that λ ⊗m ⊕ 1 is unitarily equivalent to
λ ⊕ 1. We fix such an identification for the remainder of the proof. For the ε > 0 given, choose m ∈ N such that |G| m−2 > 2/ε and also m ≥ n 0 .
For g ∈ G, let p g ∈ B(ℓ 2 (G)) denote the projection onto the span of δ g ∈ ℓ 2 (G), and observe that Ad(λ g )(p h ) = p gh for all g, h ∈ G, and
and f
. These are positive contractions satisfying conditions (1), (2) and (3) above, thus showing that dim Rok (α) ≤ 1.
Finally, dim Rok (α) = 0 is impossible because the unit of D is not divisible by
Using the computation above, we will show that certain canonical actions on dimension drop algebras admit Rokhlin towers that satisfy all the conditions in Definition 4.3 except for centrality; see Proposition 4.9. We retain the notation from Notation 2.12.
Definition 4.6. Let G be a finite group, and let k ∈ N. We denote by I (k) G the dimension drop algebra
and we denote by µ
G ) the action γ λ ⊗k ,λ ⊗k ⊕1 . Next, we give a recipe for constructing unital equivariant homomorphisms from (I
We do so in a generality greater than necessary, because the proof is not more complicated and in fact the higher level of abstraction makes the argument conceptually clearer.
Remark 4.7. Let n ∈ N. Recall that M n is the universal C * -algebra generated by elements {e 1,k } n k=1 satisfying e 1,k e * 1,j = δ k,j e 1,1 . Note that H n = span{e 1,k } n k=1 is an n-dimensional Hilbert space with inner product given by a, b e 1,1 = ab * for all a, b ∈ H n . Moreover, any orthonormal basis of H n which contains e 1,1 is a set of generators satisfying the same relations. In particular, any unitary operator on H n which fixes e 1,1 extends to an automorphism of M n which fixes the projection e 1,1 . Theorem 4.8. Let G be a finite group, let B be a unital C * -algebra, and let β : G → Aut(B) be an action. Let n ∈ N, let v : G → U (n) be a unitary representation containing the trivial representation, and let e 1,1 denote any rank-one G-invariant projection in M n . Suppose that there exist a completely positive contractive equivariant order zero map ξ : (M n , γ) → (B, β) and a contraction s ∈ B β satisfying ξ(e 11 )s = s and ξ(1) + s * s = 1. Let γ be the restriction of the automorphism to I n,n+1 of the action of G on
Then ξ can be extended to a unital, equivariant homomorphism
Proof. Denote by D the universal C * -algebra generated by a set {s, f j,k : j, k = 1, . . . , n} of contractions satisfying:
We claim that D is isomorphic to the dimension drop algebra I n,n+1 . We begin by noting that I n,n+1 ⊆ C([0, 1], M n(n+1) ) is isomorphic to the subalgebra of C([0, 1], M n(n+1) ) of the continuous functions f such that f (0) can be written as an n × n matrix in block form (where the blocks are scalar multiples of 1 Mn+1 ), and such that f (1) is in the subalgebra of M n(n+1) isomorphic to M n+1 which has is generated by the elements F 1,1 , . . . , F 1,n and F 1,n+1 given as follows (each vertical line represents n + 1 entries, and the horizontal line appears after n rows):
. . . . . , n, letf j,k ∈ I n,n+1 be the matrix-valued function which, written in n × n block form, has as its (j, k)-th block the diagonal matrix valued function diag (1, 1, . . . , 1 n times , 1 − ρ), and 0 elsewhere. Lets be the matrix-valued functioñ 
where each vertical dividing line represents n + 1 entries. One checks that the functionsf j,k for j, k = 1, . . . , n ands satisfy the relations defining D and generate I n,n+1 . Fix a surjection π : D → I n,n+1 satisfying π(f j,k ) =f j,k for all j, k = 1, . . . , n and π(s)s. It remains to show that π is injective.
Claim 1: For j, k = 1, . . . , n, the following identities hold:
(1) f j,j f j,k = f j,k f k,k for all j, k = 1, . . . , n.
(2) For any j = 1, . . . , n, we have sf j,1 s = 0. The first of these is readily checked. The following computation establishes the second identity, where we use that f 1,1 s = s repeatedly: 
We show term by term that both expressions agree. For the first terms in both right hand sides, we have
For the second terms in both right hand sides, we have
Likewise, using the fact that sf i,1 s = 0 for all i = 1, . . . , n, we get
This completes the proof of the claim. It follows that b endows D with a C([0, 1])-algebra structure, and the quotient map π is a C([0, 1])-algebra homomorphism. For t ∈ [0, 1], denote by D(t) and by I n,n+1 (t) the corresponding fibers, and by π t : D(t) → I n,n+1 (t) the corresponding surjection. It suffices now to show that π t is injective for all t.
The fiber I n,n+1 (t) is isomorphic to M n if t = 0, to M n+1 if t = 1, and to M n ⊗ M n+1 otherwise. It therefore suffices to show that the fibers D(t) are also isomorphic to those corresponding matrix algebras. Denote by f j,k (t), s(t) and b(t) the images of the elements f j,k , s and b in the fiber D(t). Case II -t = 1: For k, l = 1, . . . , n we set
, and E j,k = E j,1 E 1,k for all remaining cases with k, l = 1, . . . , n + 1. Using that b(1) = 1, one now checks that {E j,k } n+1 k,l=1 are matrix units which generate D(1), which is therefore isomorphic to M n+1 .
Case III -t ∈ (0, 1): Here b(t) = t1. In order to lighten the notation, we write the generators as in Remark 4.7. For j, k, l = 1, . . . , n, set
For j, k = 1, . . . , n, we have:
Similarly, for j, k, l = 1, . . . , n we have:
and likewise d l c * j,k = 0. By Remark 4.7, it follows that {c j,k , d l : j, k, l = 1, . . . , n} generates M n(n+1) . Lastly, one checks that {c j,k , d l : j, k, l = 1, . . . , n} also generates D(t), which one can reconstruct using the matrix form above the given relations, and we thus omit.
It follows thus far that a pair (ξ, s) as in the statement gives rise to a unital homomorphism π : I n,n+1 → B; it remains to address the issue of equivariance. To lighten the notation, we use the same letter s to denote the given element in B and the element s in the universal C * -algebra I n,n+1 . Note that β leaves π(I n,n+1 ) invariant. Furthermore, using that v g e 1,j = e 1,j for j = 1, . . . , n and for all g ∈ G, it follows
Since v g is unitary and ξ is linear, we deduce that β g (π(b)) = π(b) for all g ∈ G. Thus, the restriction of β to π(I n,n+1 ) is an action via C([0, 1])-automorphisms. Thus, it suffices to check equivariance on each fiber. Let t ∈ (0, 1) and define finie dimensional Hilbert spaces H 0 , H 1 and H 2 via H 0 = span{π(c 1,1 )},
Then H 0 , H 1 and H 2 are invariant under β. Set E = span{e 1,1 , e 12 , . . . , e 1n }. Note that there are natural isomorphisms H 1 ∼ = E ⊗ E and H 2 ∼ = E, the first one given by identifying e 1,j ⊗ e 1,k with c j,k , and the second one given by identifying e 1,k with d k , for j, k = 1, . . . , n. With these identifications, β acts as v g ⊗ v g on H 1 while leaving H 0 fixed, and acts as v g on H 2 . Thus, the action induced by β on the fiber corresponding to t is conjugate to Ad(v ⊗ (v ⊕ 1 C )). The end-cases t = 0 and t = 1 are verified similarly, thus concluding the proof.
We will apply Theorem 4.8 in the proof of Theorem 4.1, at the end of this section, to representations v of the form λ ⊗k : G → U(ℓ 2 (G) ⊗k ), for k ∈ N. Indeed, if e ∈ B(ℓ 2 (G)) denotes the projection onto the constant functions, then e ⊗k is a G-invariant rank-one projections, thus showing that λ ⊗k satisfies the assumption in Theorem 4.8. g ∈ I G,k , for g ∈ G and j = 0, 1, 2, satisfying (a) µ
< ε for all j = 0, 1, 2, and for all g, h ∈ g;
< ε for all j = 0, 1, 2, and for all g, h ∈ G with g = h;
Proof. Since the action
has Rokhlin dimension 1 by Proposition 4.5, we can find k ∈ N and positive contractions f
, for g ∈ G and j = 0, 1, satisfying
< ε for all j = 0, 1, and for all g, h ∈ g;
< ε for all j = 0, 1, and for all g, h ∈ G with g = h;
For g ∈ G, denote by p g ∈ B(ℓ 2 (G)) the projection onto the span of δ g ∈ ℓ 2 (G). Then Ad(λ g )(p h ) = p gh for all g, h ∈ G, and
One checks that conditions (a), (b) and (c) in the statement are satisfied, completing the proof.
We will need an equivariant version of Sato's property (SI). Definition 4.10. Let G be a countable amenable group, let A be a unital C * -algebra, and let α : G → Aut(A) be an action. Let ω be an ultrafilter. We say that (A, α) has the equivariant property (SI) if for any ω-central sequences (x n ) n∈N and (y n ) n∈N of contractions in A satisfying
then there exists an ω-central sequence (s n ) n∈N of contractions in A such that, for all g ∈ G, we have lim n→ω s * n s n − x n = 0, lim n→ω y n s n − s n = 0, and lim
It is easy to check that the definition above is independent of the ultrafilter ω. When G acts trivially on A, the equivariant property (SI) reduces to Sato's property (SI); see Definition 3.3 in [27] . The following result states that property (SI) implies the equivariant (SI) whenever the action has the weak tracial Rokhlin property, or whenever T (A) is a Bauer simplex. Proposition 4.11. Let G be a countable amenable group, let A be a separable, simple, unital C * -algebra, and let α : G → Aut(A) be an action. Assume that A has property (SI). Then, in each of the following cases, (A, α) has the equivariant property (SI):
(1) α has the weak tracial Rokhlin property. (2) A is nuclear and T (A) is a Bauer simplex.
Proof. (1). Let (x n ) n∈N and (y n ) n∈N be sequences of positive contractions in A as in Definition 4.10. Let K ⊆ G be a finite set and let ε > 0.
Claim: there exist a (K, ǫ)-invariant finite subset S ⊆ G and an ω-central sequence (z n ) n∈N of positive contractions in A satisfying the following conditions for all g, h ∈ S with g = h:
Find an (ε/5) 2 -paving system S 1 , . . . , S N for G such that each S ℓ is (K, ε)-invariant; see Theorem 3.3. Let f ℓ,g ∈ A ω ∩ A ′ , for ℓ = 1, . . . , N and g ∈ S ℓ , be positive contractions as in the definition of the weak tracial Rokhlin property for α. Find ℓ 0 ∈ {1, . . . , N } such that τ (f ℓ0,g ) > 0 for all τ ∈ T (A) and all g ∈ S ℓ0 , and set S = S ℓ0 . Without loss of generality, we can assume that the unit e of G belongs to S. Set f = f ℓ0,e , and let (f n ) n∈N be a sequence of positive contractions in A representing f . Set
In order to prove the claim, it suffices to show that given m ∈ N and a finite subset F ⊆ A, there is a sequence (z n ) n∈N of positive contractions in A satisfying
Fix m ∈ N and a finite subset F ⊆ A. Choose n m ∈ N large enough so that the following conditions are satisfied for all g, h ∈ G with g = h and for all a ∈ F :
For n ∈ N, set
The first three items above are routinely verified, so we only check the last one:
as desired. This proves the claim. Use property (SI) for A with (x n ) n∈N and (z n ) n∈N to find an ω-central sequence (r n ) n∈N of positive contractions in A such that lim n→ω r * n r n − x n = 0 and lim n→ω z n r n − r n = 0. α g (y n r n − r n ) = 0.
On the other hand,
Finally, since S is (K, ǫ)-invariant, it is easy to verify that lim n→ω α k (s n )− s n < ε for all k ∈ K. Since K ⊆ G and ε > 0 are arbitrary, an application of Kirchberg's ε-test shows that (A, α) has the equivariant property (SI).
(2). This follows by combining Proposition 4.4 and Proposition 5.1 in [28] .
Proposition 4.12. Let G be a countable discrete amenable group, let A be a C * -algebra, and let α : G → Aut(A) be an action. If ω is any ultrafilter over N, then there is a conditional expectations E ω :
is an action of G on a C * -algebra B, and π : A ω ∩ A ′ → B is an equivariant surjective homomorphism, then π restricts to surjective homomorphisms (
Proof. Using amenability of G, choose a Følner sequence (F m ) m∈N . Fix a ∈ A ω , and let (a n ) n∈N be an asymptotically central bounded sequence in A such that
For g ∈ G and n ∈ N, one has lim
It is clear that E ω (a) does not depend on the representing sequence (a n ) n∈N , or on the integers m n . Moreover, E ω (a) belongs to A αω ω , and it belongs to (A ω ∩ A ′ ) αω if a belongs to A ω ∩ A ′ . Clearly E ω (a) = a whenever a ∈ A αω ω , and it is readily verified that E ω is a conditional expectation. Now let β : G → Aut(B) be an action of G on a C * -algebra B, and let π : A ω ∩ A ′ → B be an equivariant surjective homomorphism. Given b ∈ B β , and choose a ∈ A ω ∩ A ′ satisfying π(a) = b. Equivariance of π implies that π(E ω (a)) = π(a) = b, as desired.
For a fixed finite group G, we denote by µ : G → Aut(R) the unique (up to conjugacy) outer action of G on R. Identifying R with the weak closure of n∈N B(ℓ 2 (G)), the action µ can be realized as the weak extension of n∈N Ad(λ).
We are now ready to prove Theorem 4.1.
Proof of Theorem 4.1. We adopt the notation from Example 2.5. In particular, we denote by (M, γ) the equivariant W * -bundle obtained from (A, α). By Proposition 3.11, fiber-action γ λ : G → Aut(M λ ) has the W * -Rokhlin property for every λ ∈ ∂ e T (A)/G. In particular, γ λ is conjugate to γ λ ⊗ µ. It thus follows from Theorem 2.7 that γ itself is conjugate to γ ⊗ µ. In particular, there is a unital, equivariant homomorphism
By Proposition 4.12, there is a natural surjective equivariant homomorphism π :
Let ε > 0, and let k ∈ N be as in the conclusion of Proposition 4.9. Denote by ϕ : B(ℓ 2 (G) ⊗k ) → M ω ∩ M ′ the restriction of ψ. Since J Aω is an equivariant σ-ideal, there exists a completely positive contractive equivariant order zero map ρ : B(ℓ 2 (G) ⊗k ) → A ω ∩A ′ making the following diagram commute:
We denote by e ∈ B(ℓ 2 (G)) the projection onto the constant functions, and regard e ⊗k as a projection in B(ℓ 2 (G) ⊗k ). One can easily verify that τ ω (ρ m (e ⊗k )) = 1/|G| k for all τ ∈ T (A) and for all m ∈ N. Since α ⊗ id Z has the weak tracial Rokhlin property by Theorem 3.7, part (a) of Proposition 4.11 implies that there exists a contraction s ∈ (A ω ∩ A ′ ) αω satisfying s * s = 1 − ρ(1) and ρ(e ⊗k )s = s. By Theorem 4.8, there exists a unital equivariant
∈ I G,k , for g ∈ G and j = 0, 1, 2, are positive contractions as in the conclusion of Proposition 4.9, the positive contractions θ(f (j) g ) ∈ A ω ∩ A ′ satisfy the conditions of Definition 4.3 up to ǫ. Since ε > 0 is arbitrary, the result follows using a reindexation argument (or from countable saturation of the equivariant ultrapower A ω ; see Subsection 2.2.4 in [7] ).
Equivariant Z-stability of amenable actions
In this section, we prove Theorem B, whose statement we reproduce below.
Theorem 5.1. Let G be a countable amenable group, let A be a separable, simple, unital C * -algebra with property (SI), and let α : G → Aut(A) be an action. Suppose that A is stably finite, that T (A) is a Bauer simplex, that dim ∂ e T (A) < ∞, and that the induced action of G on ∂ e T (A) has finite orbits. Then α is strongly cocycle conjugate to α ⊗ id Z .
Observe that we do not assume any form of outerness in the theorem above. In particular, it reveals new information in the case of strongly self-absorbing actions; see Theorem 5.6. It also contains and extends Sato's recent result from [28] regarding Z-stability of the crossed product, see Corollary 5.5. It should be pointed out that our methods, which rely on the study of equivariantly McDuff W * -bundles carried out in Section 3, are quite different from Sato's.
This result is a crucial ingredient in upcoming work of the first named author, Phillips, and Wang [8] , where it is shown that an action of an amenable group G is strongly outer if and only if it absorbs a canonical model action of G on Z.
Theorem 5.1 can be regarded as an equivariant analog of the results of Kirchberg and Rørdam in [16] for the nonequivariant setting. Our proof follows, broadly speaking, a similar strategy. Namely, we first show that the W * -bundle (M, γ) obtained from (A, α) absorbs (R, id R ) equivariantly. This gives (and, in fact, is equivalent to having) a unital homomorphism ρ :
γ ω for some k ≥ 1; see Theorem 2.7. Property (SI), in combination with the weak tracial Rokhlin property for α (established in Theorem 3.7), yields an equivariant form of property (SI) which is used to extended ρ to a unital homomorphism from the dimension drop algebra I k,k+1 into (A ω ∩ A ′ ) αω . It is then easy to conclude from this that α absorbs id Z tensorially.
The following lemma is well known in the non-equivariant setting. In our context, it follows from the fact that equivariant ultrapowers are (countably) saturated; see Subsection 2.2.4 in [7] .
Lemma 5.2. Let G be a discrete group, and let (A, α) = lim − → (A n , α (n) ) be an equivariant direct limit with unital equivariant connecting maps A n → A n+1 . Let B be any unital C * -algebra and let ω be a free ultrafilter over N. Then there is a unital equivariant homomorphism A → B ω ∩ B ′ if and only if for every n ∈ N there exists a unital equivariant homomorphism A n → B ω ∩ B ′ .
Our last ingredient will be the verification that amenable group actions on finite sums of the hyperfinite II 1 -factor are equivariantly McDuff. Proposition 5.3. Let M be a finite direct sum of copies of R, let α : G → Aut(M ) be an action of an amenable group G on M , and let ω be a free ultrafilter on N. Then there exists a unital homomorphism
We are now ready to prove equivariant Jiang-Su absorption.
Proof of Theorem 5.1. We adopt the notation from Example 2.5. In particular, we denote by (M, γ) the equivariant W * -bundle obtained from (A, α). By Proposition 5.3 and Theorem 2.7, the fiber-action γ λ : G → Aut(M λ ) is id R -McDuff, for every λ ∈ ∂ e T (A)/G. By Corollary 2.18, it follows that γ itself is cocycle conjugate to γ ⊗ id R . By Theorem 2.7, this is equivalent to the existence, for some k ≥ 2 and some free ultrafilter ω, of a unital homomorphism 
It is then immediate to check that τ ω (ρ m (e 1,1 )) = 1/k for all τ ∈ T (A) and for all m ∈ N. For j = 1, . . . , k, set c j = ρ(e 1,j ), which is a contraction in (A ω ∩ A ′ ) αω . It is clear that these elements satisfy αω . Finally, using virtually the same argument as in Theorem 2.7, the existence of such a unital homomorphism is equivalent to α and α ⊗ id Z being strongly cocycle conjugate.
It should be pointed out that amenability of G is a necessary assumption in Theorem 5.1, as shown in [6] . In fact, the combination of these results implies that amenability of G can be characterized in terms of Z-absorption.
Corollary 5.4. Let G be a discrete group. Then G is amenable if and only if every action of G on Z absorbs id Z tensorially.
Proof. This is a combination of Theorem 5.1 and Theorem 4.3 in [6] . More specifically, the latter implies that when G is not amenable, then the Bernoulli shift of G on g∈G Z ∼ = Z does not absorb id Z . Theorem 5.1 allows us to recover the main result of the recent work [28] .
Corollary 5.5. Let G be a countable amenable group, let A be a separable, simple, unital C * -algebra with property (SI), and let α : G → Aut(A) be an action. Suppose that A is stably finite, that T (A) is a Bauer simplex, that dim ∂ e T (A) < ∞, and that the induced action of G on ∂ e T (A) has finite orbits.
Then A and A ⋊ α G are Z-stable, and so is A α when G is finite.
As a further application, we obtain an equivariant analog of Winter's theorem from [33] : strongly self-absorbing actions of discrete amenable groups are equivariantly Z-stable. This answers a question from [29] concerning unitary regularity.
Theorem 5.6. Let γ : G → Aut(D) be a strongly self-absorbing action of a discrete amenable group G on a strongly self-absorbing C * -algebra D. Then γ is cocycle conjugate to γ ⊗ id Z . In particular, γ is unitarily regular.
Proof. Since D is Z-stable by the main result of [33] , the result follows from Theorem 5.1.
As shown in Example 5.4 of [29] , equivariant Z-stability fails for actions of locally compact amenable groups on Z-stable C * -algebras -it even fails for compact group actions on UHF-algebras. On the other hand, the actions constructed in [6] show that equivariant Z-stability is not automatic for actions of discrete nonamenable groups, even if they act on Z itself.
